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Abstract We continue our investigation of the space of geodesic lamina- 
tions on a surface, endowed with the Hausdorff topology. We determine 
the topology of this space for the once-punctured torus and the 4-times- 
punctured sphere. For these two surfaces, we also compute the Hausdorff 
dimension of the space of geodesic laminations, when it is endowed with the 
natural metric which, for small distances, is —1 over the logarithm of the 
Hausdorff metric. The key ingredient is an estimate of the Hausdorff metric 
between two simple closed geodesies in terms of their respective slopes. 
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This article is a continuation of the study of the Hausdorff metric (in on the 
space C(S) of all geodesic laminations on a surface S , which we began in the 
article [Hlj- The impetus for these two papers originated in the monograph 
[3j by Andrew Casson and Steve Bleiler, which was the first to systematically 
exploit the Hausdorff topology on the space of geodesic laminations. 

In this paper, we restrict attention to the case where the surface S is the 
once-punctured torus or the 4-times-punctured sphere. To some extent, these 
are the first non-trivial examples, since C(S) is defined only when the Euler 
characteristic of S is negative, is finite when S is the 3-times-punctured sphere 
or the twice-punctured projective plane, and is countable infinite when S is the 
once-punctured Klein bottle (see for instance Sectional). 

We will also restrict attention to the open and closed subset Cq(S) of C(S) 
consisting of those geodesic laminations which are disjoint from the boundary. 
This second restriction is only an expository choice. The results and techniques 
of the paper can be relatively easily extended to the full space C(S) , but at 
the expense of many more cases to consider; the corresponding strengthening 
of the results did not seem to be worth the increase in size of the article. 

The first two results deal with the topology of Co(S) for these two surfaces. 
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Theorem 1 When S is the once-punctured torus, the space £q(S) naturally 
splits as the disjoint union of two compact subsets, the closure £q v (S) of the set 
of simple closed curves and its complement jCq(S) — £q(S) . The first subspace 
^(S) is homeomorphic to a subspace K U L\ of the circle S , where K is 
the standard Cantor set and where L\ is a countable set consisting of one 
isolated point in each component ofS 1 — K. The complement £o(S) — £q v (S) is 
homeomorphic to a subspace KUL3 of S 1 , union of the Cantor set K C S 1 and 
of a countable set L3 consisting of exactly 3 isolated points in each component 
of§ 1 -K. 

Theorem 2 When S is the A-times-punctured sphere, the space £q(S) is 
homeomorphic to a subspace K U L-j of S , union of the Cantor set K and of 
a countable set Lj consisting of exactly 7 isolated points in each component of 
§ 1 -K. In this case, the closure £q(S) of the set of simple closed curves is the 
union K\JL\ of K and of a discrete set L\ C Lj consisting of exactly one point 
in each component of 8 1 — K; in particular, its complement £q{S) — Cq{S) is 
countable infinite. 

The above subspaces K U L% , K U L3 and K U L7 are all homeomorphic. 
However, it is convenient to keep a distinction between these spaces, because 
the proofs of Theorems ^ an d 12 make the corresponding embeddings of Cq(S) 
and £™(S) in S 1 relatively natural. In particular, these establish a one-to-one 
correspondence between the components of 8 1 — K and the simple closed curves 
of S . These embeddings are also well behaved with respect to the action of the 
homeomorphism group of S on £q(S). 

We now consider metric properties of the Hausdorff metric dn on £q(S). In 
[TP] , we showed that the metric space (£(S),cLk) has Hausdorff dimension 0. 
In particular, it is totally disconnected, which is consistent with Theorems ^ 
and |2 However, we also observed that, to some extent, the Hausdorff metric du 
of £(S) is not very canonical because it is only defined up to Holder equivalence. 
This lead us to consider on £(S) another metric d\ og which, for small distances, 
is just equal to — 1/logdn- This new metric d\ og has better invariance prop- 
erties because it is well-defined up to Lipschitz equivalence; in particular, its 
Hausdorff dimension is well-defined. We refer to 10 and Section ^ for precise 
definitions. 

Theorem 3 When S is the once-punctured torus or the 4 -times-punctured 
sphere, the Hausdorff dimension of the metric space (£o(S),d\ og ) is equal to 2. 
Its 2 -dimensional Hausdorff measure is equal to 0. 

Qeometry & Topology Monographs, Volume 7 (2004) 



The metric space of geodesic laminations 



511 



Theorem |3] was used in 10 to show that, for a general surface 5 of nega- 
tive Euler characteristic which is not the 3-times-punctured sphere, the twice- 
punctured projective plane or the once-punctured Klein bottle, the Hausdorff 
dimension of (£q(S), d\ og ) is positive and finite. 

These results should be contrasted with the more familiar Thurston completion 
of the set of simple closed curves on S, by the space VMC(S) of projective 
measured laminations For the once-punctured torus and the 4-times- 
punctured sphere, VMC(S) is homeomorphic to the circle and has Hausdorff 
dimension 1. 

What is special about the once-punctured torus and the 4-times-punctured 
sphere is that there is a relatively simple classification of their simple closed 
curves, or more generally of their recurrent geodesic laminations, in terms of 
their slope. The key technical result of this article is an estimate, proved in 
Section [21 which relates the Hausdorff distance of two simple closed curves to 
their slopes. 

Proposition 4 Let A and A' be two simple closed geodesies on the once- 
punctured torus or on the 4-times-punctured sphere, with respective slopes 
- < ^7 ^ Q U {oo}. Their Hausdorff distance g?h(A, A') is such that 

e L i Kq'YJ ^ (f H (A, A ) ^ e ; \i'7J 

where the constants c\, C2 > depend only on the metric on the surface, and 
where 

K) = max/ , „i „. ; 2 ^ K ^ K\. 

The other key ingredient is an analysis of the above metric d on Q U {oo}, 
which is provided in the Appendix. 

A large number of the results of this paper were part of the dissertation [SJ. 
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1 Train tracks 

We will not repeat the basic definitions on geodesic laminations, referring in- 
stead to the standard literature [31 HI HHP , or to ^Uj. However, it is probably- 
worth reminding the reader of our definition of the Hausdorff distance g?h(A, A') 
between two geodesic laminations A, A' on the surface S , namely 



where the distance d is measured in the projective tangent bundle PT(S) con- 
sisting of all pairs (x,l) with x € S and with I a line through the origin in the 
tangent space T X S, and where T X X denotes the tangent line at x of the leaf 
of A passing through x. In particular, dn(X, A') is not the Hausdorff distance 
between A and A' considered as closed subsets of S , but the Hausdorff distance 
between their canonical lifts to PT(S). As indicated in ^U], this definition 
guarantees that du(X, A') is independent of the metric of S up to Holder equiv- 
alence, whereas it is unclear whether the same property holds for the Hausdorff 
metric as closed subsets of S . This subtlety is relevant only when we consider 
metric properties since, as proved in [31 Lemma 3.5], the two metrics define the 
same topology on C(S). 

A classical tool in 2-dimensional topology/geometry is the notion of train track. 
A train track on the surface S is a graph contained in the interior of S which 
consists of finitely many vertices, also called switches, and of finitely many edges 
joining them such that: 

(1) The edges of are differentiable arcs whose interiors are embedded and 
pairwise disjoint (the two end points of an edge may coincide). 

(2) At each switch s of , the edges of that contain s are all tangent to the 
same line L s in the tangent space T S S and, for each of the two directions 
of L s , there is at least one edge which is tangent to that direction. 

(3) Observe that the complement S — has a certain number of spikes, each 
leading to a switch s and locally delimited by two edges that are tangent 
to the same direction at s; we require that no component of S — is a 
disc with 0, 1 or 2 spikes or an open annulus with no spike. 

A curve c carried by the train track is a differentiable immersed curve 
c: I — > S whose image is contained in 0, where I is an interval in R. The 
geodesic lamination A is weakly carried by the train track if, for every leaf g 
of A, there is a curve c carried by which is homotopic to g by a homotopy 



d H (A,A') 



= mm 



Mx G A, 3x' £ A', d ((x, T X X), (x 1 , T x > 
Vx' € A', 3x € A, d Ux, T X X), (a/, T x i 



A')) < e 
A')) < e 
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moving points by a bounded amount. In this case, the bi-infinite sequence 
(. . . , e_i, eo, ei, . . . , e n , . . . ) of the edges of 6 that are crossed in this order by 
the curve c is the edge path realized by the leaf g; it can be shown that the 
curve c is uniquely determined by the leaf g, up to reparametrization, so that 
the edge path realized by g is well-defined up to order reversal. 

Let £(0) be the set of geodesic laminations that are weakly carried by 0. 
(This was denoted by £ w (0) in ^Uj where, unlike in the current paper, we had 
to distinguish between "strongly carried" and "weakly carried".) 

We introduced two different metrics on £(0) in 10 . The first one is defined 
over all of C(S) , and is just a variation of the Hausdorff metric c?h • The distance 
function d\ og on C(S) is defined by the formula 

dl ° s(A ' A,) = |log(min{d H (A,AO,i})r 

In particular, cZi og (A, A') = \1/ log du(^, A')| when A and A' are close enough 
from each other. The min in the formula was only introduced to make d\ og 
satisfy the triangle inequality, and is essentially cosmetic. 

The other metric is the combinatorial distance between A and A' € £(0), 
defined by 

de (A, A') = min A and A' realize the same edge paths of length r j , 

where we say that an edge path is realized by a geodesic lamination when it is 
realized by one of its leaves. This metric is actually an ultrametric, in the sense 
that it satisfies the stronger triangle inequality 

d e (X,X") ^ max{d @ (\,\'),d e (\',\")} . 
The main interest of this combinatorial distance is the following fact, proved in 

DDI- 

Proposition 5 For every train track on the surface S , the combinatorial 
metric d@ is Lipschitz equivalent to the restriction of the metric d\ og to C(@) . 

The statement that de an d d\ og are Lipschitz equivalent means that there exists 
constants c\ and C2 > such that 

ci d e (A, A') ^ di og (A, A') ^ c 2 d e {\, A') 

for every A, A' G £(0)- In particular, the two metrics define the same topology, 
and have the same Hausdorff dimension. 

For future reference, we note the following property, whose proof can be found 
in ^ Chapter 1] (and also easily follows from Proposition 0) • 
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Proposition 6 The space C(Q) is compact. 

2 Distance estimates on the once-punctured torus 

In this section, we focus attention on the case where the surface S is the once- 
punctured torus, which we will here denote by T. As indicated above, there 
is a very convenient classification of simple closed geodesies or, equivalently, 
isotopy classes of simple closed curves, on T; see for instance (HJ. 

Let S(T) C C(T) denote the set of all simple closed geodesies which are con- 
tained in the interior of T. In the plane M. 2 , consider the lattice Z 2 . The 
quotient of M 2 — Z 2 under the group Z 2 acting by translations is diffeomorphic 
to the interior of T. Fix such an identification int(T) = (R 2 — Z 2 ) /Z 2 . Then 
every straight line in R 2 which has rational slope and avoids Z 2 projects to 
a simple closed curve in int(T) = (R 2 — Z 2 ) /Z 2 , which itself is isotopic to a 
unique simple closed geodesic of S(T) . This element of S(T) depends only on 
the slope of the line, and this construction induces a bijection S(T) = Qu{oo}. 

By definition, the element of Q U {oo} thus associated to A € <S(T) is the slope 
of A. 




Figure 1: The train tracks + and on the once-punctured torus T 

From this description, one concludes that every simple closed geodesic A S <S(T) 
is weakly carried by one of the two train tracks @ + and 0~ represented on 
Figure ^ These two train tracks each consist of two edges h and v meeting 
at one sing le switch. The identification int(T) ^ (M 2 - Z 2 ) /Z 2 can be chosen 
so that the preimage of @ + in R 2 — Z 2 is the one described in Figure El In 
particular, the preimage of the edge h is a family of 'horizontal' curves, each 
properly isotopic to a horizontal line in M. 2 — Z 2 , and the preimage of the edge v 
is a family of 'vertical' curves. Similarly, the preimage of 0~ is obtained from 
that of @ + by reflection across the x-axis. 

The simple closed geodesic A £ <S(T) is weakly carried by G + (respectively 6~) 
exactly when its slope | € QU{oo} is non-negative (respectively non-positive), 
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Figure 2: The preimage of 9+ in K 2 - Z 2 



by consideration of a line of slope - in IR 2 — 1? and of its translates under the 
action of 1? . In this case, it is tracked by a simple closed curve c carried by 
G + (respectively 6 _ ) which crosses \p\ times the edge v and q times the edge 
h. We are here requiring the integers p and q to be coprime with q ^ 0, and 
the slope oo = ^ = ^j- is considered to be both non-negative and non-positive. 
We will use the same convention for slopes throughout the paper. 

The following result, which computes the combinatorial distance between two 
simple closed geodesies in terms of their slopes, is the key to our analysis of 
Co(T). 

Proposition 7 Let the simple closed geodesies X, X' € S(T) have slopes 
$ € Q U {oo} with < 2 < ^ < oo. Then 

d e+ (A,A') = max{^;f <f ^^}. 

Proof For this, we first have to understand the edge paths realized by a simple 
closed geodesic A G S (T) in terms of its slope | . 

Let L be a line in M 2 of slope | which avoids the lattice Z 2 . Look at its 
intersection points with the grid ZxR U RxZ, and label them as 

. . . , X—\ , Xq , Xi , . . . , Xi , . . . 
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in this order along L. This defines a periodic bi- infinite edge path 

(. ..,e_i,eo,ei,...,ei, ...) 

in + , where ej is equal to the edge h if the point Xi is in a vertical line 
{n} x K of the grid, and e% = v if xi is in a horizontal line R x {n} . By 
consideration of Figures ^ anci HI it is then immediate that a (finite) edge 
path is realized by A if and only if it is contained in this bi-infinite edge path 
(. ..,e_i,e ,ei,...,ei, ...). 

The main step in the proof of Proposition is the following special case. 

Lemma 8 If A, A' € S(T) have finite positive slopes |, jp. £ Q fl]0, oof such 
that p</ - p'g = ±1 , then d e + (A, A') = max { -4-, -4-, i . 



Proof of Lemma |S] Let L and V be lines of respective slopes - and ^ in 
R 2 , avoiding the lattice Z 2 . Let c and c' be the projections of L and L' to 
int(T) = (R 2 — Z 2 ) /Z 2 . For suitable orientations, the algebraic intersection 
number of c and d is equal to pq' — p'q = ±1. Since all intersection points 
have the same sign (depending on slopes and orientations), we conclude that c 
and d meet in exactly one point. 

Let A be the surface obtained by splitting int(T) along the curve c. Topologi- 
cally, A is a closed annulus minus one point. Since c and c' transversely meet 
in one point, d gives in A an arc d 1 going from one component of dA to the 
other. 

Similarly, the grid Z x R U R x Z projects to a family of arcs in A. Most 
of these arcs go from one boundary component of A to the other. However, 
exactly four of these arcs go from d A to the puncture. We will call the union 
of these four arcs the cross of A. As one goes around the puncture, the arcs 
of the cross are alternately horizontal and vertical. Also, the cross divides A 
into one hexagon and two triangles A and A' . See Figure |3] for the case where 

R - 3 anr | PL - 2 
q ~ 5 aI1Cl q> ~ 3 • 

Set r = min {p + q — l,p' + q' — 1} ^ 0. We want to show that every edge path 
7 = (ei, e2, • • • , e r ) of length r in B + which is realized by d is also realized by 
c. 

Given such an edge path 7, there exists an arc a immersed in d which cuts 
the image of the grid ZxRURxZat the points x%, X2, ■ ■ ■ , x r in this order, 
and such that Xi is in the image of a vertical line {n} x R if = h and in the 
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Figure 3: Splitting the once-punctured torus T along the image of a straight line (glue 
the two short sides of the rectangle) 

image of a horizontal line R x {n} if = v. Since d crosses the image of the 
grid in p' + q' > r points, the arc a' is actually embedded in d . 

We had a degree of freedom in choosing the closed curve c , since it only needs 
to be the projection of a line L with slope | . We can choose this line L so that 
c contains the starting point of the arc a' (we may need to slightly shorten a' 
for this, in order to make sure that L CM 2 avoids the lattice Z 2 ). 

The arc a' now projects to an arc a' x embedded in the arc d 1 C A traced by 
d , such that the starting point of a' x is on the boundary of A. 

Note that each boundary component of A crosses the image of the grid Z x 
RUlRxZ in p + q> r points. Since a[ cuts the image of this grid in r points, 
we conclude that a[ "turns less than once" around A, in the sense that it cuts 
each arc of the image of the grid in at most one point. Similarly, if A and A' 
are the two triangles delimited in A by the cross of the grid, a[ can meet the 
union A U A' in at most one single arc. It follows that there exists an arc in dA 
which cuts exactly the same components of the image of the grid as a[ . This 
arc ai shows that the edge path 7 is also realized by c, and therefore by A. 

We conclude that every edge path of length r which is realized by A' is realized 
by A . Exchanging the roles of A and A' , every edge path of length r which is 
realized by A is also realized by A'. Consequently, c2@+(A, A') ^ -p^. 

To show that cIq+(\, A') = ^rrj; we need to find an edge path of length r + 1 
which is realized by one of A, A' and not by the other one. Without loss of 
generality, we can assume that p + q ^ p' + q' , so that r + 1 = p + q . 
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Consider c, d , A and c[ as above. The curves c and d cross the image of 
the grid in p + q and p' + q' points, respectively. By our hypothesis that 
p + q ^ p' + q' , it follows that d 1 turns at least once around the annulus A , and 
therefore meets at least one of the two triangles A delimited by the cross. By 
moving the line Lcl 2 projecting to c (while fixing d and the corresponding 
line V), we can arrange that A n d 1 consists of a single arc, and contains the 
initial point of d l . Let a' 2 be an arc in d 1 which starts at this initial point 
and crosses exactly p + q points of the grid. Note that this is possible because 
p + q ^ p' + q' ■ Because each of the two components of dA meets the grid in 
p + q points, the ending point of a 2 is contained in the other triangle A' ^ A 
delimited by the cross. Consider the edge path 7' of length p + q described by 
al 2 . 

By construction, the edge path 7' is realized by A'. We claim that it is not 
realized by A. Indeed, let 7 be the edge path described by an arc a 2 in dA 
which goes once around the component of dA that contains the starting point 
of d 2 , and starts and ends at this point. By construction, the edge path 7' is 
obtained from 7 by switching the last edge, either from v to h, or from h to 
v. In particular, the edge paths 7 and 7' contain different numbers of edges 
v. However, because c cuts the grid in exactly p + q points, every edge path of 
length p + q which is realized by A must contain the edge v exactly p times. 
It follows that 7' is not realized by A. 

We consequently found an edge path 7' of length p + q = r + 1 which is realized 
by A' but not by A. This proves that cIq+(X,X') ^ ^rpy, and therefore that 
d@+(A, A') = ^rj. Since r = min{p + q — l,p' + q' — 1}, this concludes the 
proof of Lemma El □ 

Remark 9 For future reference, note that we actually proved the following 
property: Under the hypotheses of Lemma |S] and \i r = p + q — 1 ^.p' + q' — l, 
then A and A' realize exactly the same edge paths of length r , and there exists 
an edge path of length r + 1 which is realized by A' and not by A . 

Lemma 10 If X, A', A" G S(T) have slopes J , j£ G Q with < J < ^ < 
^7 < 00 , then every edge path 7 in Q + which is realized by both X and X' is 
also realized by X" . 

Proof of Lemma 1101 Let L and L' be lines of respective slopes | and £7 in 
M 2 — Z 2 . Since A realizes 7 = (ei, . . . , e n ) , there is an arc a C L which 
meets the grid ZxlURxZ at the points x\ , X2, • • • , x n in this order, and so 
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that the point X{ is in a vertical line of the grid when a = h and in a horizontal 
line when ej = v . Since A' also realizes 7' , there is a similar arc a' C V which 
meets the grid at points x[, x' 2 , ■ ■ ■ , x' n . 

Applying to L and L' elements of the translation group Z 2 if necessary, we can 
assume without loss of generality that the starting points of a and o' are both 
in the square ]0, 1[ x ]0, 1[. Then, because the slopes are both positive, the fact 
that the arcs a and a' cut the grid according to the same vertical/horizontal 
pattern implies that each X{ is in the same line segment component 7j of 
(Z x M U R x Z) - Z 2 as x\ . 

The set of lines which cut these line segments Ij is connected. Therefore, one 
of them must have slope ^ . By a small perturbation, we can arrange that this 

line L" of slope ^77 is also disjoint from the lattice Z 2 . The fact that L" cuts 
I\ , I2 , • • • , I n in this order then shows that the corresponding simple closed 
geodesic A" realizes the edge path 7. □ 

We can now conclude the proof of Proposition Temporarily setting aside the 
slopes and 00, let the simple closed geodesies A, A' € S(T) have slopes ~, 

£7 £ Q with < I < ^7 < 00. Then, by elementary number theory (see for 
instance [HI Section 3.1]), there is a finite sequence of slopes 

P = P0 Pi < Pn = y 

g go gi gn g' 

such that Piq%-\ — Pi-iH = 1 for every i. Let Aj G <5(T) be the simple closed 
geodesic with slope 

By the ultrametric property and by Lemma El 

d e+ (X, A') < max{d e +(Ai_i, Aj); i = 1,... ,n} = ^ 

if r = inf {pi + q^ — l; i = 0, . . . , n}. We want to prove that this inequality is 
actually an equality, namely that there is an edge path of length r + 1 which is 
realized by one of A, A' and not by the other. 

First consider the case where p + q — 1 > r , and examine the first i such that 
Pi+qi — 1 = r. By LemmaEland Remark|Hl there is an edge path 7 of length r+1 
which is realized by A and Aj_i, and not by A«. Since 2 < 2i < £. Lemma ITUl 
shows that 7 cannot be realized by A', which proves that ci@+(A,A') = ^j-j-. 

When p'+q' — 1 > r , the same argument provides an edge path which is realized 
by A' and not by A, again showing that d e +(A, A') = ^-rj in this case. 
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Finally, consider the case where p + q — 1 = p' + q' — 1 = r. Let 7 be any 
edge path of length r + 1 which is realized by A . Note that 7 goes exactly once 
around A . We conclude that 7 contains exactly p times the edge v , and q times 
the edge h . Similarly, any edge path 7' of length r + 1 which is realized by A' 
must contain p' times the edge v , and q' times the edge h . Since | 7^ K , we 
conclude that such a 7' cannot be realized by A. Therefore, d@+(A, A') = 
again in this case. 

This proves that 

d e +(\, A') = ^-py 

= max {^fe * = 0,...,n} 

where the last equality comes from the elementary property that p" ^ p%—\ +Pi 
and q" ^ + q { whenever < £77 < ^ (hint: pj<7i_i -pi-xQi = !)• 

This concludes the proof of Proposition Q in the case where < | < £7 < 00 . 

When, - = j, note that A never crosses the edge v, but that A' does. This 
provides an edge path of length 1 which is realized by A' and not by A . There- 
fore, <1q+ (A, A') = 1 = max j p i, + q „ ', t ^ f 77 ^ f 7 } m * ms case as wen - The case 
where |t- = 00 = ^ is similar. □ 

Corollary 11 The slope map S(T) — > Q U {00} sends the metric d\ og to a 
metric which is Lipschitz equivalent to the metric d on Q U {00} defined by 

d (q > f 7 ) = maX ( + I < f < 7} 

for 2 < 4 ■ 

Proof Propositions and prove this property for the restrictions of d\ og to 
£(6+) n S(T) and £(Q~) n <S(T) . It therefore suffices to show that there is a 
positive lower bound for the distances d\ og (X, A') as A, A' range over all simple 
closed geodesies such that A has finite negative slope and A' has finite positive 
slope; indeed the cf -distance between the slopes of such A and A' is equal to 1. 

We could prove this geometrically, but we will instead use Proposition [7| and 
the fact that the Lipschitz equivalence class of d\ og is invariant under diffeo- 
morphisms of T. Recall that every diffeomorphism of T acts on the slope 
set Q U {00} by linear fractional maps x 1— > a c ^t b d , with a, b, c, d £ Z and 
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ad — be = dbl, and that every such linear fractional map is realized by a diffeo- 
morphism of T. 

First consider the case where the slope | of A is in the interval [— 1,0[. Let 
(fx be a diffeomorphism of T whose action on the slopes is given by x i— > 
x + l = qJ+i ■ Now </?i(A) and y?i(A') both have non-negative slopes, which are 
on different sides of the number 1. It follows from Propositions [S] and [7| that 
d\ og (ipi(\), ifi(X')) ^ Co for some constant cq > 0. Since ipi does not change 
the Lipschitz class of d\ og , it follows that there exists a constant ci > such 
that di og (A,A') ^ cid\ og (ipi(\), ifi(X')). Therefore, di og (A,A') ^ c\Cq. 

Similarly, when 2 i s i n the interval ]oo, — 1] , consider the diffeomorphism if2 
of T whose action on the slopes is given by x i— > • The same argument as 
above gives d\ og (X, A') ^ C2C0. □ 



3 Chain-recurrent geodesic laminations on the once- 
punctured torus 

A geodesic lamination A G £(S) is chain-recurrent if it is in the closure of the 
set of all multicurves (consisting of finitely many simple closed geodesies) in S . 
See for instance l, Chapter 1] for an equivalent definition of chain-recurrent 
geodesic laminations which better explains the terminology. 

When the surface S is the once-punctured torus T, a multicurve is, either a 
simple closed geodesic in the interior fo T (namely an element of S(T)), or 
the union of dT and of an element of S(T), or just dT . As a consequence, 
a chain-recurrent geodesic lamination in the interior of T is a limit of simple 
closed geodesies. 

Let C^(T) denote the set of chain-recurrent geodesic laminations that are con- 
tained in the interior of T . By the above remarks, Cq(T) is also the closure in 
Cq(T) of the set S(T) of all simple closed geodesies. 

The space £(S) is compact; see for instance Section 3], PJ Section 4.1] or ^ 
Section 1.2]. Also, there is a neighborhood U of dT such that every complete 
geodesic meeting U must, either cross itself, or be asymptotic to dT , or be dT; 
in particular, every geodesic lamination which meets U must contain dT. It 
follows that Cq{T) is both open and closed in C(T). As a consequence, Cq{T) 
is compact. 

We conclude that (Cq(T), d\ og ) is the completion of (S(T),d\ og ). By Corol- 
lary ^2 (£q v (T), d\ og ) is therefore Lipschitz equivalent to the completion (Q, d) 
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of (Q U {oo}, d) , where the metric d is defined by 

4f > 7) = max{ | p/;| ^ k „ | ; £ < ^ < El} 



This completion (Q, d) is studied in detail in the Appendix. In particular, 
Proposition Hoi determines its topology, and Proposition 023 computes its Haus- 
dorff dimension and its Hausdorff measure in this dimension. These two results 
prove: 

Theorem 12 The space Cq(T) is homeomorphic to the subspace K U L\ of 
the circle 1U {00} obtained by adding to the standard middle third Cantor set 
K C [0, 1] C R a family L\ of isolated points consisting of exactly one point in 
each component of RU{oo} — K . 

Theorem 13 The metric space (C^(T), d\ og ) has Hausdorff dimension 2, and 
its 2-dimensional Hausdorff measure is equal to 0. 



4 Dynamical properties of geodesic laminations 

We collect in this section a few general facts on geodesic laminations which will 
be useful to extend our analysis from chain-recurrent geodesic laminations to 
all geodesic laminations. 

A geodesic lamination A is recurrent is every half-leaf of A comes back ar- 
bitrarily close to its starting point, and in the same direction. For instance, 
a multicurve (consisting of finitely many disjoint simple closed geodesies) is 
recurrent. 

A geodesic lamination A cannot be recurrent if it contains an infinite isolated 
leaf, namely a leaf g which is not closed and for which there exists a small arc 
k transverse to g such that k D A = k D g consists of a single point. 

Proposition 14 A geodesic lamination A has finitely many connected com- 
ponent. It can be uniquely decomposed as the union of a recurrent geodesic 
lamination A r and of finitely many infinite isolated leaves which spiral along 
A r . 

Proof See for instance Theorem 4.2.8] or [Q Chapter 1]. □ 
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Here the statement that an infinite leaf g spirals along A r means that each half 
of g is asymptotic to a half-leaf contained in A r . 

Let a sink in the geodesic lamination A be an oriented sublamination Ai C A 
such that every half-leaf of A — Ai which spirals along Ai does so in the direction 
of the orientation, and such that there is at least one such half-leaf spiralling 
along Ai. 

Proposition 15 Chapter 1] A geodesic lamination is chain-recurrent if 
and only if it contains no sink. 

As a special case of Proposition 1151 every recurrent geodesic lamination is also 
chain-recurrent . 

In our analysis of the once-punctured torus and the 4-times-punctured sphere, 
the following lemma will be convenient to push our arguments from chain- 
recurrent geodesic laminations to all geodesic laminations. We prove it in full 
generality since it may be of independent interest. 

Lemma 16 There exists constants cq, ro > 0, depending only on the (nega- 
tive) curvature of the metric m on S , with the following property. Let Ai be a 
geodesic lamination contained in the geodesic lamination A and containing the 
recurrent part A r of A. Then any geodesic lamination A^ with c?h(Ai, A^) < ro 
is contained in a geodesic lamination A' with (in (A, A') ^ Co g?h(Ai, A' x ) . 

Proof We will explain how to choose cq and ro in the course of the proof. 
Right now, assume that ro is given, and pick r with r/2 < du(X\, X^) < r ^ tq . 

We claim that there is a constant c\ > 1 such that, at each x € A n A' x , 
the angle between the lines T x \ and T X X[ is bounded by c\r . Indeed, since 
^h(Ai,A^) < r, there is a point y G Ai such that (y,T y Xi) is at distance less 
than r from fa;, 2^ AO in the projective tangent bundle PT(S). In particular, 
the distance between the two points x, y G A is less than r. In this situation, 
a classical lemma (see @J Corollary 2.5.2] or Appendix B]) asserts that, 
because the two leaves of A passing through x and y are disjoint or equal, 
there is a constant C2 , depending only on the curvature of the metric m , such 
that the distance from (x, T X X) to (y,T y X) = (y,T y Xi) in PT(S) is bounded 
by C2<i(x,y), and therefore by C2r. Consequently, the angle from T X X to T X X[ 
at x, namely the distance from (a^T^A) to (x, T^A^) in PT(S), is bounded by 
(1 + c 2 )r = c\r. 

Since Ai contains the recurrent part of A, Proposition 1141 shows that A is the 
union of Ai and of finitely many infinite isolated leaves. Let X[ denote the 
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canonical lift of X[ to the projective tangent bundle PT(S) , consisting of those 



Ci is the constant defined above. The set A is disjoint from X[ by choice of 
ci . Because du(Xi, X[) < r < c\r and because the leaves of A — Ai spiral along 
the recurrent part A r C Ai , the set A stays away from the ends of A — Ai . As 
a consequence, A has only finitely many components a± , 02 , • • . , a n whose 
length is at least r. 

Let us focus attention on one of these a« , contained in an infinite isolated leaf 
<7i of A — Ai . Let hi be the component of gi — X[ that contains aj . The open 
interval bi can have 0, 1 or 2 end points in gi (corresponding to points where 
X[ transversely cuts gi). 

Let Xi be an end point of 6, . Then X{ is contained in a leaf g[ of A^ . We 
observed that the angle between g± and g\ at Xi is bounded by c±r. Let ki 
be the half-leaf of X[ delimited by x\ in g\ which makes an angle of at least 
7T — c±r with bi at note that ki is uniquely determined if we choose tq small 
enough that c\r ^ c\Tq < ir/2. 

We now construct a family h of bi-infmite or closed piecewise geodesies such 



(1) h is the union of all the arcs bi and of pieces of the half- leaves kj consid- 
ered above. 

(2) The external angle of hi at each corner is at most c\r . 

(3) h can be perturbed to a family of disjoint simple curves contained in the 
complement of X[ . 

(4) One of the two geodesic pieces meeting at each corner of h has length at 
least 1 (say). 

As a first approximation and if we do not worry about the third condition, we 
can just take h to be the union of the arcs bi and of the half-leaves kj (of infinite 
length). However, with respect to this third condition, a problem arises when 
one half-leaf ki collides with another kj; more precisely when, as one follows 
the half-leaf ki away from the end point Xi of bi , one meets an end point Xj of 
another arc bj (with possibly bj = bi) such that bj is on the same side of ki as 
bi and such that the half-leaf kj associated to Xj goes in the direction opposite 
to ki . In this situation, remove from h the two half-leaves ki and kj and add 
the arc dj connecting Xi to Xj in ki . Because the leaves of A containing bi and 
bj do not cross each other, the length of Cy will be at least 1 if we choose ro 
so that c\r ^ ciro is small enough, depending on the curvature of the metric. 




that: 
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Iterating this process, one eventually reaches an h satisfying the required con- 
ditions. 

Consider a component hi of h. By construction, hi is piecewise geodesic, the 
external angles at its corners are at most c±r, and every other straight piece of hi 
has length at least 1 . A Jacobi field argument then provides a constant C3 such 
that hi can be deformed to a geodesic h[ by a homotopy which moves points by 
a distance bounded by c^r. Actually, a little more holds: if the homotopy sends 
x G hi to x G fy, then the distance from (x,T x hi) to [x' ,T x ih'^) in PT(S) is 
bounded by c%r. 

Consider the geodesies h\ thus associated to the components hi of h. By the 
Condition (3) imposed on h, the hi are simple, two hi and hj are either disjoint 
or equal, and each hi is either disjoint from A^ or contained in it. Also, by 
construction of h, each end of a geodesic h\ which is not closed is asymptotic 
either to a leaf of A^ (containing a half-leaf kj) or to a leaf of A r which is 
disjoint from X[ (and containing an infinite arc bj). 

Let A' be the union of X[ and of the closure of the geodesies h\ thus associated 
to the components Oj of length ^ r of A. By the above observations, A' is a 
geodesic lamination. 

We want to prove that (in (A, A') ^ cqt for some constant cq. Let A, A', Ai 
and X[ denote the respective lifts of A, A', Ai and X[ to the projective tangent 
bundle PT(S) . 

If x' is a point of A', either it belongs to A' l5 or it belongs to one of the 
geodesies h[, or it belongs to one of the components of A r (in the closure of 
some h^). In the first and last case, it is immediate that the corresponding 
point (x'jTj./A') G A' is at distance less than r from A in PT{S). If x' is in the 
geodesic h\ , then we saw that there is a point x G hi such that the distance from 
(x',T x t\') = (x'jTj,/^) to (x,T x hi) is at most c%r . Then (x,T x hi) belongs to 
A if x is some arc bj , and belongs to X[ otherwise. Since c?h(Ai, A^) < r, we 
conclude that (a/, TV A') is at distance at most (03 + l)r from A in this case. 
This proves that A' is contained in the (03 + l)r-neighborhood of A. 

Conversely, if x is a point of A, either (x,r x A) is at distance at most c±r from 
X'l C A' , or x belongs to the subset A of A — Ai introduced at the beginning of 
this proof. If x belongs to one of the components a« of A used to construct the 
leaves h\ of A', then (x,T x X) is at distance less than c$r from [x,T x h f ^ G A' 
for some x G h\ C A'. If x belongs to a component o (of length < r) of A 
which is not one of the cij, then x is at distance less than |r from an end 
point y of a; in this case (x,T x X) is at distance less than \r from (y,T y X) 
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by definition of the metric of PT(S), and (y,T y X) is at distance c\r from 
X'l C A' by definition of A. We conclude that (x,T x X) is at distance at most 
max{(ci + ^)r, c%r} from A' in all cases. Consequently, A is contained in the 
max{(ci + ^)r, C3r}-neighborhood of A'. 

This proves that, if we set cq = 2max{ci + \,c% + l}, then dn(X,X r ) = 
dH(A,A') ^ cqt/2 < cqcI^Xi, X[) by choice of r. □ 

5 The topology of geodesic laminations of the once- 
punctured torus 

Every recurrent geodesic lamination admits a full support transverse measure. 
The following is a consequence of the fact that there is a relatively simple 
classification of measured geodesic laminations on the once-punctured torus. 
See for instance jSj, or [3] using the closely related notion of measured foliations. 

Proposition 17 Every recurrent geodesic lamination in the interior of the 
once-punctured torus T is orientable, and admits a unique transverse measure 
up to multiplication by a positive real number. This establishes a correspon- 
dence between the set of recurrent geodesic laminations in the interior of T and 
the set of lines passing through the origin in the homology space H\(T; M) . 

When A corresponds to a rational line, namely to a line passing through non- 
zero points of Hi(T]1j) C Hi(T;M), the geodesic lamination A is a simple 
closed geodesic, and the completion of its complement is a once-punctured open 
annulus. Otherwise, A has uncountably many leaves and the completion of its 
complement is a once-punctured bigon, with two infinite spikes. 

In this statement, the completion of the complement S — X of a geodesic lami- 
nation A in a surface S means its completion for the path metric induced by the 
metric of S . It is always a surface with geodesic boundary and with finite area, 
possibly with a finite number of infinite spikes. See for instance (21 Section 4.2] 
or ^ Chapter 1]. For instance, when A corresponds to an irrational line in 
-ffi(T;Z) in Proposition 1171 the completion of T — A topologically is a closed 
annulus minus two points on one of its boundary components; the boundary of 
this completion consists of dT and of two geodesies corresponding to infinite 
leaves of A and whose ends are separated by two infinite spikes. 

Fix an identification of the interior of the once-punctured torus with (M 2 — 
Z 2 )/Z 2 . This determines an identification H\{T;M) = M 2 , and a line in 
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H\(T;M) is now determined by its slope s € RU {00} . Let A s be the recurrent 
geodesic lamination associated to the line of slope s . 

The identification int(T) ^ (R 2 - 1?) /I? also det ermines an orientation for T . 

An immediate corollary of Proposition El is that, if A is a geodesic lamination 
in the interior of T with recurrent part A r , the completion of T — A r contains 
only finitely many simple geodesies (finite or infinite). As a consequence, if we 
are given the recurrent part A r , there are only finitely many possibilities for A 
and it is a simple exercise to list all of them. Using Proposition 1151 we begin 
by enumerating the possibilities for chain-recurrent geodesic laminations. 

Proposition 18 The chain-recurrent geodesic laminations in the interior of 
the once-punctured torus T fall into the following categories: 

(1) The recurrent geodesic lamination X s with irrational slope sGl-Q. 

(2) The simple closed geodesic X s with rational slope s G Q U {00}. 

(3) The union A+ of the simple closed geodesic X s with slope s £ Q U {00} 
and of one infinite geodesic g such that, for an arbitrary orientation of 
A s , one end of g spirals on the right side of g in the direction of the 
orientation and the other end spirals on the left side of g in the opposite 
direction. 

(4) The union A J of the simple closed geodesic X s with slope s £ Q U {00} 
and of one infinite geodesic g such that, for an arbitrary orientation of X s , 
one end of g spirals on the left side of g in the direction of the orientation 
and the other end spirals on the right side of g in the opposite direction. 

Note that, in Cases 3 and 4, reversing the orientation of X s exchanges left and 
right, so that X^ and X~ do not depend on the choice of orientation for A s . 
These two geodesic laminations are illustrated in Figure |IJ 

A corollary of Proposition [El is that every chain-recurrent geodesic lamination 
in the interior of the punctured torus is connected and orientable. 

In Theorem ^] (based on Proposition in the Appendix), we constructed 
a homeomorphism ip from the space C^(T) of the chain-recurrent geodesic 
laminations to the subspace K U L\ of R U {00} union of the standard middle 
third Cantor set K C [0, 1] and of a family L% of isolated points consisting of 
the point 00 and of exactly one point in each component of [0, 1] — K . We can 
revisit this construction within the framework of Proposition 1181 

Proposition 19 The homeomorphism ip: C^{T) — > K U L\ constructed in 
the proof of Theorem \12\ is such that: 
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(i) The image under ip of the subset S(T) C Cq(T) of simple closed curves 
is exactly the set L\ of isolated points. 

(ii) If s, t 6 Q are such that s < t, then <p(\ s ) < f{^t) hi 

(iii) If I s is the component of [0, 1] — K containing the image ip (A a ) of the 
simple closed geodesic X s of Bnite slope s £ Q, then, in the notation of 
Proposition IT%1 the ieft end point of 7 S is </? (Aj) and its right end point 
is<p(X+). 

(iv) ip(Xoo) = oo, </?(A~ ) = 1 and </? (A+ ) = 0. 

Proof Properties (i) and (ii) are immediate from the construction of y> in 
Theorem^] and Proposition 1351 Note that Property (i) is satisfied by an arbi- 
trary homeomorphism (since a homeomorphism sends isolated point to isolated 
point), but that this is false for Property (ii). 

A consequence of the order-preserving condition of Property (ii) is that the left 
end point of the interval I s is the limit of <p{\t) as t tends to s on the left. 
Since Xt tends to A ,7 as t tends to s on the left, it follows by continuity of <p 
that the left end point of I s is equal to ip(X~). Similarly, the right end point 
of I s is equal to the limit of <p(Xt) as t tends to s on the right, namely <p(Xf). 

At s = oo, (p(Xoo) = oo by construction. By Property (ii), the point 1 is equal 
to the limit of tp(\t) as t tends to oo on the left (namely as t tends to +oo). 
As t tends to oo on the left, At tends to A^, and it follows that y(A^) = 1. 
Similarly, is equal to the limit of <f>(Xt) as t tends to oo on the right (namely 
as t tends to — oo), and is therefore equal to <^(A+). □ 

We saw that a recurrent geodesic lamination is connected and orientable, and 
that it is classified by its slope s € K U {oo}. We can interpret the slope as 
an element of the space of unoriented lines passing through the origin in M? , 
namely as an element of the projective plane MP 1 =MU {oo}. 

We will need to consider the space of oriented recurrent geodesic laminations. 
This clearly is a 2-fold cover of the space of unoriented recurrent geodesic 
laminations, and an oriented recurrent geodesic lamination is therefore classified 
by its oriented slope s, defined as an element of the space of oriented lines 
passing through the origin in M 2 , namely as an element of the unit circle 8 1 
in M 2 . Let A^ be the oriented recurrent geodesic lamination associated to 
the oriented slope s. We similarly define the oriented chain-recurrent geodesic 
lamination A^ and Aj associated to the irrational oriented slope s, union of 
the oriented geodesic lamination A^ and of one additional geodesic as in Cases 3 
and 4 of Proposition 1181 
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Figure 4: The geodesic laminations containing the simple closed geodesic A s 
in the completion of T — \ s 



as seen 



We will say that the oriented slope s € § is rational when its associated 
unoriented slope s G MP 1 = R U {00} is rational. 

Again, a case-by-case analysis combining Propositions 1151 and 1171 provides: 

Proposition 20 The geodesic laminations in the interior of the punctured 
torus T which are not chain-recurrent fall into the following categories: 

(1) The union AS of the oriented geodesic lamination Xg, with irrational 
oriented slope s, and of one additional geodesic g whose two ends converge 
to the same spike of T — Xg, in the direction given by the orientation. 

(2) The union Xg of the oriented simple closed geodesic Xg, with rational 
oriented slope s, and of one additional geodesic g whose two ends spiral 
on the right side of Xg in the direction given by the orientation. 

(3) The union AL of the oriented simple closed geodesic Xg, with rational 
oriented slope s, and of one additional geodesic g whose two ends spiral 
on the left side of Xg in the direction given by the orientation. 
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(4) The union Xg of the oriented simple closed geodesic Xg, with rational 
oriented slope s, and of one additional geodesic g whose two ends spiral 
around Xg in the direction given by the orientation, one on the right side 
and one on the left side. 

(5) The union A^ n of the oriented chain-recurrent geodesic lamination Xt , 
with rational oriented slope s, and of one additional geodesic g whose 
two ends converge to the same spike of T — Xg , in the direction of the 
orientation. 

(6) The union X J n of the oriented chain-recurrent geodesic lamination A J , 
with rational oriented slope s, and of one additional geodesic g whose 
two ends converge to the same spike of T — Xg , in the direction given by 
the orientation. 

Here the letters n , r and 1 respectively stand for "non-chain-recurrent" , "right" 
and "left". Figure 03 shows the geodesic lamination Xg, for an irrational oriented 
slope s. Figure ^ illustrates the geodesic laminations Xg, Xg, Xg 1 , Xi~ n and A^ n 
when the oriented slope s corresponds to one orientation of the rational slope 
s. 



Figure 5: The geodesic laminations Xg and A 5. with s irrational, as seen in the com- 
pletion of T — Xg 



6 The topology of Cq{T) for the once-punctured torus 

We already determined the topology of the space (T) of all chain-recurrent 
geodesic laminations in TheoremEl Let Cq(T) denote its complement Cq{T) — 
jCq 1 (T) , namely the space of all non-chain-recurrent geodesic laminations in the 
interior of the once-punctured torus T . 

The following property is very specific to the once-punctured torus. For in- 
stance, we will see in Section |S] that it is false for the 4-times-punctured sphere. 
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Lemma 21 The space Cq(T) is compact. 

Proof By Proposition^] and by inspection in Proposition l2Ul a geodesic lam- 
ination A on the once-punctured torus which is not chain-recurrent admits a 
unique decomposition as the union of an oriented chain-recurrent geodesic lam- 
ination <r(A) (its unique sink) and of exactly one infinite isolated leaf whose two 
ends spiral along <r(A) in the direction of the orientation. The chain-recurrent 
geodesic lamination cr(A) is weakly carried by one of the two train tracks + 
and 0~ of Figure n By inspection, it follows that A is weakly carried by one 
of the four train tracks 0± of Figure EJ unless A is of the form A^ 1 where the 
oriented slope s corresponds to the unoriented slopes or oo . The train track 
0± is made up of 1 * 1 and of one additional edge e going from one "armpit" 
of 1 * 1 to itself; in addition the edges of 1 * 1 are oriented in such a way that 
the orientations match at the switch, and that the two ends of the additional 
edge e merge with ± in the direction of the orientation. Note that the infinite 
isolated leaf of A is tracked by a curve carried by 0± which crosses the edge e 
exactly once. 




Figure 6: The train tracks ®± 

Let £ n (0±) denote the space of non-chain-recurrent geodesic laminations that 
are weakly carried by the train track 0±. We claim that £ n (0±) is equal to 
the set of those A G £(0±) (namely those A which are weakly carried by @±) 
which realize the edge path (e) consisting of the single edge e. Indeed, a curve 
which is carried by 0_|_ can cross e at most once. If A G £(e|) realizes (e) , 
it follows that every leaf of A realizing (e) is isolated, and consequently that 
those leaves which do not realize (e) form a (closed) non-empty sublamination 
A 1 C A. Since the train track 1 * 1 C 0^ is oriented, we conclude that Ai is a 
sink for A, and therefore that A is not chain-recurrent by Proposition 1151 
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A corollary of this observation is that £ n (G ± ) is closed in £(0 ± ) (since the 
topology can be defined with the metric d Q ±). Because £(0±) is compact by 

Proposition H3 it follows that £ n (0±) is compact. 
As a consequence, the space 

r\T) = £ n (e+) u £ n (el) u £ n (e;) u £ n (e:) u {a£, a^a^a^}, 

where the oriented slopes Oi , O2 , 00 1 , 002 correspond to the unoriented slopes 
and 00, is compact. □ 

Let Cq ct (T) denote the space of all oriented chain-recurrent geodesic lamina- 
tions in the interior of T. There is a natural map ir: Cq cv (T) — > C"(T) defined 
by forgetting the orientation. This is a 2-fold covering map, since Proposi- 
tion^] shows that every chain-recurrent geodesic lamination is orientable and 
connected. 

By PropositionEland by inspection in PropositionlJOl each A £ £q(T) uniquely 
decomposes as the union of a sink a (A) G £o cr (T) and of one infinite isolated 
leaf whose two ends spiral around <r(A) in the direction of its orientation. This 
defines a map a: C n {T) -» £g cr (T). 

Lemma 22 The map a: C n (T) — > Cq ct (T) is continuous. 

Proof It clearly suffices to show that the restriction of it o a to each subset 
£ n (0±) is continuous. For A G £ n (G^), we observed in the proof of Lemma l2"Tl 
that 7to<t(A) € Cq(T) is obtained by removing from A the infinite isolated leaf 
that realizes the edge path (e) . It follows that the restriction of no a to £ n (9|) 
is distance non-increasing for the metric d e ± , and is therefore continuous. □ 

Theorem 23 The space jCq(T) — JZq{T) — Cq(T) is homeomorphic to the 
subspace KUL3 of MU{oo} union of the standard Cantor set K C [0, 1] C R and 
of a countable set L3 consisting of exactly 3 isolated points in each component 
of 1U {00} - K . 

Proof In Theorem 1121 we constructed a homeomorphism ip from the space 
Cq(T) of the chain-recurrent geodesic laminations to the union K U L\ of K 
and of a family L\ of isolated points consisting of the point 00 and of exactly one 
point in each component of [0, 1] — K . Select the homeomorphism (p so that it 
satisfies the conditions of Proposition 1191 In particular, ip establishes an order- 
preserving one-to-one correspondence between Q and the set of components of 
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[0, 1] — K , by associating to s £ Q the component of [0, 1] — X that contains 
the isolated point (p(X s ). 

Consider the 2-fold covering map £o cr (T) — ► Cq(T) defined by forgetting the 
orientation. For every component I of K U {oo} — ip(C^(T)), it follows from 
Proposition liyf iii) that an orientation of the geodesic orientation corresponding 
under ip to one end point of I uniquely determines an orientation of the geodesic 
lamination corresponding to the other end point. We can consequently lift 
ip: Cq t (T) — > MU {oo} to a continuous map <p: Cq cv (T) — > S 1 , where we denote 
by S 1 the circle that is the 2-fold covering of R U {oo}. (Of course, S 1 is 
homeomorphic to MU {oo}, but we prefer to use a different letter to emphasize 
the distinction). 

Let K denote the preimage of K in S 1 . Pick any family L3 of isolated points 
in S 1 — K such that, for every component I of S 1 — K , the intersection I n L3 
consists of exactly 3 points x T j, x\ and x T j. Note that each component / of 
S 1 — K is now indexed by an oriented slope s, namely I is the component 
Ig containing the image under yp of the oriented simple closed geodesic A^> 
of oriented slope s, and whose boundary points are consequently <p(\g) and 
tp(Xg) by Proposition 

We now define a map ip: Cq(T) — > KUL3 as follows. If the sink <r(A) € £o cr (T) 
of A € >Cq(T) is not a simple closed geodesic, define ip{\) as ip(cr(X)) S K . 
Otherwise, cr(A) is the oriented simple closed geodesic Xg for some oriented 
slope s, and A is the geodesic lamination A^, A 1 ^. or A^ 1 with the notation 
of Proposition I2UI in this case, define ip(\) as the isolated point x^, or 
x} 1 , € L3, respectively. 

We will show that ip: Cq(T) — > K U L3 is a homeomorphism. 

Because ip is a homeomorphism, <p is injective and it immediately follows from 
the construction that ip is a bijection. 

To prove that ip: Cq(T) — > K U L3 is continuous, we will show that for every 
sequence a n € £q(T), n G N, converging to A G Cq(T), the sequence ip(a n ) 
admits a subsequence converging to ^(A) . Passing to a subsequence if necessary, 
we can assume that, either the sink a(a n ) £ Cq ct (T) is a closed geodesic for 
every n, or it is a closed geodesic for no n. If the cr(a n ) are not closed geodesies, 
then ip{a n ) = ip(a(a n )) converges to p{a{\) = tp(X) by continuity of (p and a, 
and we are done. We can consequently assume that each a(a n ) is an oriented 
closed geodesic A^ n of oriented rational slope s n . 

If the limit <r(A) of cr(a n ) is a closed geodesic A^, then it is isolated in £Q Cr (T) 
and o-(a n ) = Xg for n large enough. It follows that a n = Xg, X l g or A^, and 
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therefore that the converging sequence a n is eventually constant, equal to its 
limit A. In particular, ^{(^n) converges to ip(X). 

If <r(A) is not a closed geodesic, the sequence s n has no constant subsequence. 
It follows that the length of the component of S 1 — K containing tp(a n ) tends 
to as n tends to oo. Since this component also contains the point <p o o~(a n ) 
by construction of ip, we conclude that the sequence ip(a n ) converges to the 
limit of <p o a(a n ) , namely to <p o <r(A) = by continuity of cp and a. 

This concludes the proof that the bijection ip: Cq(T) — > K UL3 is continuous. 
Because £q(T) is compact by Lemma l2"Tl it follows that tp is a homeomorphism. 
Since there is a homeomorphism from S 1 to RU {00} sending K to K , this 
concludes the proof of Theorem 1231 □ 



7 The Hausdorff dimension of Cq{T) for the once- 
punctured torus 

Theorem 24 The space (Co(T),d\ og ) has Hausdorff dimension 2, and its 2 — 
dimensional Hausdorff measure is equal to 0. 

Proof Since Cq(T) contains Cq(T) , which has Hausdorff dimension 2 by The- 
orem ^3 the Hausdorff dimension of (Co(T), d\ og ) is at least 2. Therefore, it 
suffices to show that its 2-dimensional Hausdorff measure is equal to 0. 

Fix e > and r > 0. By Theorem ll3l (Cq(T), d\ og ) has 2-dimensional measure 
0. In particular, the subset C r (T) consisting of all recurrent geodesic lamina- 
tions also has 2-dimensional Hausdorff measure 0. Therefore, we can cover 
£q(T) by a family of di og -balls B(\i,ri), i £ I, with Aj € C T (T), r, L < r and 

Let ro and cq be the constants of Lemma Hoi and assume r < r$ without loss 
of generality. For each of the above balls S(Aj, rj), consider the balls B(\',r') 
where A' contains Aj and where r' = c§ri . By Propositions El and E01 there 
are at most 1 1 such A' . By Lemma we can therefore cover the whole 
space Cq{T) by a family of balls B(X'j,r'j), j e J, such that r'- < c^r and 
J2je.j( r j) 2 < IIcqE- Since this holds for every r < tq and every e, this proves 
that (£q(T), d\ g) has 2-dimensional Hausdorff measure 0. □ 
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8 The 4— times- punctured sphere 

We now consider the case where the surface S is the 4-times-punctured sphere. 
The analysis is very similar to that of the once-punctured torus, and we will 
only sketch the arguments. 

Consider the group T of diffeomorphisms of M 2 — 1? consisting of all rotations 
of 7r around the points of the lattice Z 2 , and of all translations by the elements 
of the sublattice (2Z) 2 . The quotient space (M? — Z 2 ) /Y is diffeomorphic to 
the interior of the 4-times-punctured sphere S . 

What makes the 4-times-punctured sphere so similar to the once-punctured 
torus is that, in both cases, simple closed geodesies in the interior of the surface 
are characterized by their slope. As in the case of the once-punctured torus, 
every straight line with rational slope - G Q U {oo} projects to a simple closed 
curve in S. Conversely, every simple closed curve that is not isotopic to a 
boundary component is obtained in this way. This establishes a one-to-one 
correspondence between the set S(S) of simple closed geodesies in the interior 
of the 4-times-punctured sphere S and the set of rational slopes | € Q U {oo}. 



Figure 7: The train tracks + and on the 4-times-punctured sphere S 

Consider the train tracks + and G~ shown on Figure For the appropriate 
identification between M. 2 /Y and the interior of S, the preimage of + is exactly 
the train track which already appeared in Figure[21for the once-punctured torus. 
In particular, every simple closed geodesic A € S(S) with non-negative slope 
| € [0, oo] n Q is weakly carried by + , and every simple closed geodesic with 
non-positive slope is weakly carried by 0~ . 

The key estimate is the following analog of Proposition [71 whose proof very 
closely follows that of that first result. 




Geometry & Topology Monographs, Volume 7 (2004) 



536 



Francis Bonahon and Xiaodong Zhu 



Proposition 25 On the 4-times-punctured sphere S , let the simple closed 
geodesies X, X' G S(S) have slopes E JeQu {00} with ^ | < ^ < 00. 
Tien 

d e +(A,A') =max{ p7 ^;£ ^ ^ <; £ J. 

As in the case of the once-punctured torus, the combination of Proposition 1251 
and of Proposition 133 in the Appendix provide a homeomorphism between the 
space Cq(S) of chain-recurrent geodesic laminations and the subspace KULi of 
MU{oo} obtained by adding to the standard middle third Cantor set K C [0, 1] 
a family L\ of isolated points, consisting of the point 00 and of exactly one 
isolated point in each component of [0, 1] — K . 

The space Cq ci (S) of non-chain-recurrent geodesic laminations is much simpler 
for the 4-times-punctured sphere S than for the once-punctured torus T . To 
see this, we need to analyze the topology of geodesic laminations in S . 

We begin by borrowing from [HI or [3] the classification of measured geodesic 
laminations. For the identifications T ^ (M 2 -Z 2 )/Z 2 and S = (M 2 -Z 2 )/T, it 
can be shown that, for every slope s£lU {00}, there is a geodesic lamination 
Us in the interior of the 4-times-punctured sphere S whose preimage to R 2 — 1? 
coincides with the preimage of the geodesic lamination X s £ £(T) of Section [21 

Proposition 26 Every recurrent geodesic lamination in the interior of the 
4-times-punctured sphere is of the form /j, s for some s€KU {00}. When s is 
rational, fx s is a simple closed geodesic, and the completion of its complement 
consists of two twice-punctured disks. Otherwise, fi s has uncountably many 
leaves and the completion of its complement consists of four once-punctured 
monogons, each with one spike. 

In particular, the completion of the complement of each /j, s again contains 
only finitely many simple geodesies. A case-by-case analysis then provides the 
following two statements. 

Proposition 27 The chain-recurrent geodesic laminations in the interior of 
the 4 -times-punctured sphere S fall into the following categories: 

(1) The recurrent geodesic lamination /j, s , with s € K U {00}. 

(2) The union /if of the simple closed geodesic fx s , with rational slope s € 
Q U {00}, and of two infinite isolated leaves, one in each component of 
S — fj, s ; for an arbitrary orientation of n. s , the two ends of the leaf in the 
left component of S—/j, s spiral along u. s in the direction of the orientation, 
and the ends of the leaf in the right component of S — fj, s spiral along ji s 
in the opposite direction. 

Geometry & Topology Monographs, Volume 7 (2004) 



The metric space of geodesic laminations 



537 



(3) The union f/,J of the simple closed geodesic fi s , with rational slope s € 
Q U {oo}, and of two infinite isolated leaves, one in each component of 
S — jx s ; for an arbitrary orientation of ri s , the two ends of the leaf in 
the right component of S — fi s spirals along fi s in the direction of the 
orientation, and the ends of the leaf in the left component of S — ri s spiral 
along ri s in the opposite direction. 

Note that the fi s with irrational slopes s, as well as the nf and li~ (with 
rational slopes) are non-orientable. In particular, by Proposition ll5l every non- 
chain-recurrent geodesic lamination is obtained by adding to a simple closed 
geodesic ri s , with rational slope s £ Q U {00} , a certain number of infinite 
isolated leaves whose ends all spiral along ri s in the same direction. Looking at 
possibilities, one concludes: 

Proposition 28 Any non-chain-recurrent geodesic lamination in the interior 
of the 4-times-punctured sphere is the union of a closed geodesic fi s , with 
rational slope s € Q U {00}, and of 1 or 2 infinite isolated leaves whose ends 
all spiral along ri s in the same direction. A given simple closed geodesic fi s is 
contained in exactly 6 such non-chain-recurrent geodesic laminations. 

As in the proof of Theorem 1231 we can then use Propositions |23and[2Blto push 
our analysis of the topology of £q t {S) to £q(S). 

Theorem 29 For the 4 -times-punctured sphere S , the space Cq(S) is home- 
omorphic to the subspace K U Lj of IR U {00} union of the standard middle 
third Cantor set K C [0, 1] and of a set L-j of isolated points consisting of 
exactly 7 points in each component of M. U {00} — K . The homeomorphism can 
be chosen so that the set S(S) C Co(S) of all simple closed geodesies corre- 
sponds to a subset L\ C Lj consisting of exactly 1 point in each component of 
EU {00} — K . The closure of S{S) , namely the space C^{S) of chain-recurrent 
geodesic laminations, then corresponds to the union K U L\. Its complement, 
the space £q(S) of non-chain-recurrent geodesic laminations, is countable. 

More precisely, each component I of R U {00} — K is indexed by the rational 
slope s £ Q U {00} of the simple closed geodesic fi s whose image is contained 
in /. The end points of the interval / then correspond to the chain-recurrent 
geodesic laminations [if- , and the intersection of the interior of / with X corre- 
sponds to fi s and to the 6 non-chain-recurrent geodesic laminations containing 
it. 

The Hausdorff dimension and measure of (Co(S), d\ og ) are obtained by combin- 
ing Propositions El 123 EE! and the fact that Cq ci (S) is countable. 
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Theorem 30 For the A— times-punctured sphere S , the HausdorfT dimension 
of the metric space (Cq(S) , d\ og ) is equal to 2. Its 2 -dimensional HausdorfT 
measure is equal to . 

9 Very small surfaces 

Having considered the once-punctured torus or the 4-times-punctured sphere, 
we may wonder about surfaces of lower complexity. Geodesic laminations on 
a surface S make sense only when S admits a metric of negative curvature 
for which the boundary is totally geodesic, namely when the Euler character- 
istic x(S) is negative. This leaves the 3-times-punctured sphere, the twice- 
punctured projective plane and the once-punctured Klein bottle. 

We will see that the geodesic lamination spaces of these surfaces are relatively 
trivial, thereby justifying the emphasis of this paper on the once-punctured 
torus and on the 4-times-punctured sphere. 

Proposition 31 If the surface S is the 3-times-punctured sphere or the twice- 
punctured projective plane, then the space C(S) of geodesic laminations on S 
is finite. 

Proof Each of these surfaces has only finitely many homotopy classes of simple 
closed curves. It follows that they contain only finitely many multicurves and 
therefore that every chain-recurrent geodesic lamination is a multicurve. In 
particular, every recurrent geodesic lamination is a multicurve, since it is chain- 
recurrent by Proposition 1151 

If S is the 3-times-punctured sphere, each multicurve is in addition contained 
in the boundary dS . There are only finitely many simple arcs a C S with 
da C dS , modulo homotopy keeping da in dS. It easily follows that there 
are only finitely many infinite simple geodesies in S , spiralling along boundary 
components. This implies that the 3-times-punctured sphere S contains only 
finitely many geodesic lamination. 

When S is the twice-punctured projective plane, splitting S open along a mul- 
ticurve Ai produces a twice-punctured projective plane (when Ai C dS) or a 3- 
times-punctured sphere. Again, the twice-punctured projective plane contains 
only finitely many homotopy classes of simple arcs, relative to the boundary. 
In both cases, it follows that Ai can be extended to a finite number of geodesic 
laminations. Since S contains a finite number of multicurves, C(S) is finite for 
the twice-punctured projective plane S . □ 
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For the once-punctured Klein bottle, we restrict attention to the closed subspace 
Cq(S) C C(S) consisting of those geodesic laminations that are contained in the 
interior of S . As indicated in the introduction, this is essentially an exposition 
choice as the results easily extend to the whose space C(S) , but at the expense 
of more cases to consider. 

Proposition 32 If S is the once-punctured Klein Bottle, then the space Cq(S) 
of geodesic laminations in the interior of S is countable infinite 1 . All of its points 
are isolated, with the exception of six limit points. The closure Cq(S) of the 
set of multicurves consists of infinitely many isolated points and of two limit 
points; these two limit points of £q(S) are also limit points of JCq(S) — £q(S) . 

Proof Up to homotopy, the interior of the once-punctured Klein bottle S 
contains only one orientation-preserving simple closed curve that is essential, 
in the sense that it is not parallel to the boundary and that it bounds neither 
a disk nor a Mdbius strip. It follows that the interior of S contains only one 
orientation-preserving simple closed geodesic A^ in the interior of S . 

There are infinitely many homotopy classes of simple, orientation-reversing, 
closed curves, but these are easily classified. The corresponding orientation- 
reversing simple closed geodesies can be listed as A n , n £ Z, is such a way that 
each A n is homotopic to T n (Ao) where T denotes the Dehn twist around Aqo 
(well-defined once we fix an orientation on a neighborhood of the orientation- 
preserving simple closed geodesic Aqo , and once we arbitrarily decide which 
simple closed geodesic will be called Ao). In particular, each A n meets Aqo in 
exactly one point. 

In addition, A m is disjoint from A n exactly when m = n ± 1. 

As n tends to +oo, the simple closed geodesic A n converges to a geodesic 
lamination A^ , union of Aqo and of an infinite simple geodesic whose ends spiral 
on each side of Aqo, in opposite direction. As n tends to — oo, A n converges 
to a geodesic lamination A+ of the same type, but with opposite spiralling 
directions on each side of Aqo . 

It follows that chain-recurrent geodesic laminations are of the following four pos- 
sible types: Aqo, A n , A n UA n+ i, A+ or A^. In particular, the subspace Cq(S) 
consisting of all chain-recurrent geodesic lamination is countable infinite. All 
of its points are isolated, with the exception of two limit points corresponding 



1 And not finite, as erroneously stated in ^U] and in an earlier version of the current 
paper! 
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From the above list, we see that splitting S along a recurrent geodesic lami- 
nation A produces a 3-times-punctured sphere, or a once-punctured bigon, or 
a twice-punctured projective plane. By Proposition 1311 it follows that such a 
recurrent geodesic lamination can be enlarged to finitely many geodesic lami- 
nations. By Proposition EI this implies that the space Cq(S) is countable. 

A limit point of Cq(S) must contain a limit point of CjfiS) , by consideration of 
the recurrent parts of geodesic laminations converging to that limit. Therefore, 
a limit point of Cq(S) must contain A+ or A,^ . The complement of the geodesic 
lamination A^, is a punctured bigon. As such, this complement contains exactly 
two simple geodesies, each of which has its two ends converging towards one 
of the spikes of the bigon. It follows that A^, can be enlarged to exactly two 
geodesic laminations. By considering suitable enlargements of A n and letting 
n tend to ±00, one easily sees that these enlarged geodesic laminations are 
indeed limit points of Co(S). Therefore, Co(S) has exactly 6 limit points. 

Similarly, the two elements A^, are limit points of Co(S) — ^cf^)- n 

Since the geodesic lamination spaces £0(5") of the 3-times-punctured sphere, 
the twice-punctured projective plane and the once-punctured Klein bottle are 
countable, their Hausdorff dimension is of course for any metric, and in par- 
ticular for the metric c?i og . 

Appendix 

In this appendix, we study the space QU {00} with the (ultra) metric d defined 
by 

when I < y ■ More precisely, we will study the completion Q of Q U {00} for 
this metric. 

By convention, whenever we consider a rational number | € Q U {00}, we 
always implicitly assume that p and q are integer and coprime, and that q ^ 0. 
In particular, = j and 00 = ^ = . 

Recall that the completion Q can be defined as the set of equivalence classes 
of Cauchy sequences in Q U {00}, where two Cauchy sequences are equivalent 
when their union is a Cauchy sequence. We consequently need to analyze 
Cauchy sequences in (Q U {00}, d) . 
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Lemma 33 A sequence {^ L ) neN m (Q U {oo}, d) is Cauchy if and only if one 
of the following holds: 

(1) The sequence converges to an irrational number for the usual topology of 
MU{oo}. 

(2) The sequence converges to a rational number | e Q U {oo} for the usual 
topology of R U {oo} and, for n sufficiently large, ^ stays on one side of 

E 
q ' 

(3) For n sufficiently large, ^ is equal to a fixed rational number | G Q U 
{oo}. 

Proof First assume that the sequence (~) ngN is Cauchy for the metric d. 

By compactness, (| s -) ngN admits a subsequence which converges for the usual 
topology of MU{oo}. If two subsequences of (^) ngN had different limits I ^ /' 
then, for an arbitrary rational number | between I and we would have 

d(— , — ) ^ i i 1 , whenever — is close to I and — is close to /', contradicting 

Vg™,' q n > \p\+q qm q n ' to 

the fact that the sequence is Cauchy. We conclude that (^") ngN must have a 
limit x for the usual topology of 1U {oo}. 

If the limit x is a rational number 2 then d(^, ^) ^ y-k- if ^ < 2 ^ ^, 

unless — = - = — . This proves that, either — stays on one side of - for n 

qm q qn r qm J q 

sufficiently large, or — = 2 f or n sufficiently large. 

Consequently, if the sequence (|^) neN is Cauchy for d, then it satisfies Condi- 
tions "*"HH] °f the lemma. 

Conversely, if (^) ngN satisfies Conditions Q-©, one easily sees that it is 
Cauchy for d. □ 

Corollary 34 The completion Q contains a subset A which is isometric to 
1R — Q endowed with the metric d defined by 

d(x,y) = maxj^;x < | < yj 
for every x < y in M. — Q . In addition, the complement Q — A is countable. 

Proof The fact that every Cauchy sequence in (Q U {oo}, cf) admits a limit 
for the usual topology of M U {oo} defines a continuous map tt : Q — > R U {oo} . 
By Lemma 15*3*1 the preimage of an irrational point under tt consists of a single 
point of Q. It follows that the restriction of tt induces a bijection between 
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A = ir 1 (R — Q) and R — Q. In addition, this restriction of n to A clearly 
sends the metric of Q to the metric on R — Q indicated. 

By Lemma 13151 the preimage of a rational point - € QU{oo} under tt consists of 
3 points in Q: one corresponding to the constant sequence - , and the other two 
corresponding to each side of - . It follows that the complement ir^ 1 (Q U {oo}) 
of A is countable. □ 

We now describe a topological model for Q. Let K C [0, 1] C R be the standard 
middle third Cantor set, and let X be a family of isolated points consisting of 
the point oo and of exactly one point in each component of [0, 1] — K . Note 
that X = K U X is equal to the closure of X in RU {oo}. 

Proposition 35 The completion Q of QU {oo} for the metric d is homeo- 
morphic to the subspace X C R U {oo} described above. 

Proof We first construct an order-preserving map <p: X — > Q U {oo}, using 
the Farey combinatorics of rational numbers; see for instance Section 3.1]. 
(There are other possibilities to construct cp, but this one seems prettier). 

In the standard construction of the Cantor set K , the set I of components of 
[0, 1] — K is written as an increasing union T n of 2 n — 1 disjoint intervals where; 
X\ consists of the interval ] g, | [; the set T n+ \ is obtained from T n by inserting 
one interval of length ^ between any pair of consecutive intervals of I n , as well 
as before the first interval and after the last one. Since the set X — {oo} was 
defined by picking one point in each interval of X, this provides a description 
of X as an increasing union of finite sets X n , each with 2 n elements, such that 
Xo = {oo} and such that, for n ^ 1, X n consists of oo and of exactly one point 
in each interval of I n . In particular, X n+ \ is obtained from X n by adding one 
point between each pair of consecutive elements of X n . 

The set Y = Q U {oo} can similarly be written as an increasing union of 
finite sets with 2 n elements such that: Yq = {oo}; Y\ = {0, oo} = 
Yi = {-yS j, 21 o} ! more generally, the set Y n+ \ is obtained from Y n by adding 
the point £±21 between any two consecutive elements |, ^ of Y n (counting 
oo as both ^ and -rp). See [HI Section 3] for a proof that Y n contains all the 
| € Q U {oo} with \p\ + q ^ n + 1 , which implies that the union of the Y n is 
really equal to y = Qu{oo}. 

Define </?: X — > QU {oo} as the unique order-preserving map which sends each 
2™ -element set X n to the 2 n -element set Y n . 
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From Lemma 1331 one easily sees that ip establishes a one-to-one correspon- 
dence between Cauchy sequences in (Q U {oo}, d) and Cauchy sequences in X 
(namely sequences in X which have a limit in X). Therefore, (p induces a 
homeomorphism between the completion Q of (QU {oo},d) and the comple- 
tion X of X. □ 

Proposition 36 The completion Q of Qu{oo} for the metric d has Hausdorff 
dimension 2, and its 2-dimensional Hausdorff measure is equal to 0. 

Proof By Corollary 1341 it suffices to show that R — Q , endowed with the 
metric d, has Hausdorff dimension 2 and 2-dimensional Hausdorff measure 0. 
By symmetry, it suffices to show this for ]0,oo[ — Q endowed with the metric 
d. 

We will make a further reduction. The map x \— ► jxj induces an isometry 
between the metric spaces (]0, oo[ — Q, d) and ([0, 1] — Q, 6) , where 

S(x,y) = max{|;x < | ^ y). 

It therefore suffices to show that ([0, 1] — Q,5) has Hausdorff dimension 2 and 
2-dimensional Hausdorff measure 0. 

We begin with a few elementary observations on 5-balls in [0, 1] — Q. Recall 
that a Farey interval is an interval of the form [|, with p'q — pq' = 1. 

Lemma 37 Let B C [0, 1] — Q be an open 5-ball of radius r. Then there is 
a Farey interval I = [q,^r] such that B = I — Q. In addition, the diameter of 
(B, 5) is equal to A(B) = A(7) = , and its Lebesgue measure is 1(1) = . 

Proof Let N r be the finite set of all rational numbers - € [0, 1] with q ^ i . It 
immediately follows from the definition of the metric 5 that the ball B is equal 
to I — Q for the closure / of some component of [0, 1] — N r . It is well-known 
that such an / must be a Farey interval; see for instance [HI Section 3]. The 
formula for the diameter A(B) is an immediate consequence of the fact that 
minjg"; | < ^ < = q + q' for every Farey interval / = j^] , which is 
elementary. The formula for the length 1(1) of the interval / is a straightforward 
computation. □ 

The reader should beware of unexpected properties of 5 -balls. If / = [|, |r] is 
a Farey interval, then B = I — Q is an open 5-ball whose center is any point 
of B and whose radius is any number r with — j— 7 < r ^ min{-, 4} . 
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Lemma 38 The Hausdorff dimension of ([0, 1] — Q, S) is at least 2. 

Proof We will show that, for every s with 1 < s < 2, the s -dimensional 
Hausdorff measure of [0, 1] — Q is strictly positive. 

For this, we will use the classical fact that, for every e > and for almost every 
x G [0, 1], the set {| G Q; \x - || < -^r} is finite; see for instance 00. As 
a consequence, there exists a subset A £ C [0, 1] — Q with non-zero Lebesgue 
measure and a number N £ > such that \x — || for every x £ A £ and 

every | G Q with q^ N £ . 

We apply this to e = > 0. If x G j4 £ is contained in a Farey interval 

/ = [|, |r] where both q and </ are greater then N £ , suppose q' > q without 
loss of generality. Then, 



> q 2 + 



qq' 

so that q ^ = ('j')*" 1 - ^ follows that 

A (-0 s = ( q+ql y > > W = 2*C0 

in this case. 

Let r > be small. Cover [0, 1] — Q by a family of <5-balls Bi, i G X, with 
respective radii rj ^ r. By the ultrametric property of 5, we can assume that 
the Bi are pairwise disjoint. (If two <5-balls meet, one is contained in the other 
one). We saw that each ball Bi is equal to Ii — Q for some Farey interval 

Ii = [77-, ^fl . By the ultrametric property, r» ^ A(Sj) = —4—/. In particular, 

L Hi 1 ... \ q^^-g^ 

at least one of qi , <^ is greater than ^ ^ , and therefore is greater than iV £ 
if we choose r small enough. 

Decompose the index set X as the disjoint union of T\ , Z2 and T3 where: 

(1) Xl consists of those i such that Ij contains a point of A £ and such that 
both qi and are greater than N £ . 

(2) I2 consists of those i such that Ii meets A e and such that only one of qi 
and q'i is greater than N £ . 

(3) Z3 consists of those i such that ij does not meet A £ . 

If i G T\ , namely if Ij contains a point of A £ and if both and q[ are greater 
than N £ , we saw that rf ^ A(5;) s = A(/i) s ^ \l{h). 

Hi S I2, namely if Ii contains a point of A £ and if only one of qi and 
is greater than N £ , we observed that max{gj,g^} ^ 2r" ^ Therefore, 
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l(L) = — —y < 2ri < 2r. Also, note that there are at most iV? such elements of 
T 2 . 

We conclude that 

i(a £ ) ^ + E w < 4 E < + 2rAr * < 4 E r i + 2riV * 

i£Xl i£T2 i£li i£T 

Taking the infimum over all coverings of [0, 1] — Q by 5 -balls of radius at most r , 
and letting r tend to 0, we conclude that the s -dimensional Hausdorff measure 
W ([0, 1] - <Q>, 8) of ([0, 1] - Q, 5) is bounded from below by \l{A £ ) > 0. 

This proves that ([0, 1] — Q, 8) has non-zero s-dimensional Hausdorff measure 
for every 1 < s < 2. It follows that the Hausdorff dimension of ([0, 1] — Q, 8) 
is at least 2. □ 



Lemma 39 The 2 -dimensional Hausdorff measure of ([0, 1] — Q, 8) is equal 
to 0. In particular, its Hausdorff dimension is at most 2 . 



Proof We can use the well-known connection between Farey intervals and 
continued fractions. If x € [0, 1] — Q has continued fraction expansion 



1 



ai(x) + 



1 



[a 1 (x),a 2 (x), . . .,a n (x), . . .' 



a 2 (x) + 



1 



+ 



1 

a n (x) H 



then successive finite continued fractions ^ = \a\(x), a 2 (x), . . . , a n (x)] form 
Farey intervals [— , Pn ~ 1 ] (with — > £n=l f Q r n odd) containing x. In addition, 
^ < a n (x) + l because q n = a n (x)q n -i + q n ^ 2 and < q n - 2 < Qn-i- 



a n [x 



The set A of those x = [a\(x) , a 2 (x) , . . . , a n (x) , . . .] for which the sequence 
(a n (x)) neN is unbounded has full Lebesgue measure in [0,1]; see for instance 
[HI Hj ■ By our comparison between ^-j- and a n (x) , for every small r > 
and for every large M > 1, we can cover A by a family of Farey intervals 
h= [fh %] j 8 such that % > M and q[ + q" > £ . (We do not necessarily 

v' p" \ 

assume that -4 < -4r)- For such an interval, 

w? = M. = f (sL) <fiM) 
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where fix) = ^ x +^ an d where the inequality comes from the fact that f(x) 
is decreasing for x ^ 1 . In particular, the intersection Bi of Ij with [0, 1] — Q 
is a 5— ball of radius n < r with rf = A(/j) 2 < f(M)l(Ii). 

Since the complement B of A has Lebesgue measure 0, we can cover B by a 
family of Farey intervals Ij, j 6 whose total length is arbitrarily small, say 
< -jj- In this case, the intersection Bj of Ij with [0,1] — Q is a 
d-ball of radius rj < r with r| = A(ij) 2 < /(Z,) (max/(x)) = |Z(J,-)- 

In this way, we have covered [0, 1] — Q by a family of 5-balls Bi, i G IU J, 
with respective radii rj < r such that 

The estimate is valid for every r > and every M ^ 1. Since f(M) tends 
to as M tends to oo, it follows that the 2-dimensional Hausdorff measure of 
([0,1] -Q,S) is equal to 0. □ 

This concludes the proof of Proposition |2H □ 
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